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ABSTRACT 

Analytical expressions defining "optimal" test levels for 

various types of vibration testing of spacecraft hardware a r e  derived 

using a ''xinimum. cost of e r r o r "  criterion. The developments assume 

the service environmental loads and hardvrare strengths a r e  random . 
variables with either lognormal or  normal probability density functions. 

The resulting expressions for tloptimallt  tes t  levels a r e  functions only 

of the distribution of environmental loads and cost factors defining the 

undesirable consequences of potential test and service failures. It i s  

noteworthy that the expressions do not include parameters of the hardware 

strength, suggesting that the selection of vibration test  levels should not 

be influenced by pretest  assessments of the hardware design integrity. 

The results indicate the principal factors which should influence vibration 

tes t  levels a r e  the purpose of the teat, the "cost" of developing the hard- 

ware, and the "cost" of a potential service failure. Specifically, al l  other 

things equal, qualification (design verification) tests  should be more severe 

than acceptance (manufacturing quality verification) tests;  tes ts  of re la-  

tively expensive hardware should be less  severe than tes ts  of less  expen- 

sive hardware; and tes ts  of hardware whose failure in service might 

produce relatively serious consequences should be more severe than tes ts  

of hardware whose failure in service would produce less  serious conse- 

quences. . 
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INTRODUCTION 

The  development of spacecraf t  hardware  (the complete  

spacecraf t  a s sembly  o r  any components thereof)  i s  accompanied by 

considerable  vibration testing at var ious s tages  of the development 

and production cycle.  The most  formal s t ages  of testing a r c  the  

qualification (design verif icat ion)  t e s t s  and the acceptance (workman- 

ship verification) t e s t s .  In broad t e r m s ,  qualification t e s t s  a r e  

conducted t o  verify the  adequacy of the hardware  design f o r  p roper  

per formance  in i t s  anticipated s e r v i c e  vibration environment.  The  

t e s t s  a r e  usual ly  pe r fo rmed  on a single representa t ive  sample  i t e m  

of the  hardware  whicIl i s  not scheduled for s e r v i c e  use .  Acceptance 

t e s t s  a r e  conducted t o  ver ify that  the h a r d l ~ a r e  is assembled  without 

workmanship e r r o r s  o r  defective m a t e r i a l s .  The  t e s t s  a r e  usually 

pe r fo rmed  on a l l  units scheduled fo r  s e r v i c e  use .  F o r  the c a s e  of 

hardware  designs involving only a few o r  perhaps one unit scheduled 

f o r  s e r v i c e  u s e ,  qualification and acceptance tes t ing  objectives a r e  

often combined into a single qua1 -acceptance t e s t .  

The  bas ic  purpose of a qualification t e s t  sugges ts  that 

the t e s t  leve ls  and durat ions rrlust be closely re la ted  t o  the anticipated 

s e r v i c e  environmental  leve ls  and durations.  F o r  a n  acceptance tes t ,  

however,  there! a r e  two possible  approaches t o  the  der ivat ion of t e s t  

leve ls  and durat ions.  The  f i r s t  approach is t o  der ive  testing conditions 

which s imula te  the anticipated s e r v i c e  environment ,  a s  would be doze 

f a r  qualification testing.  The  argument  f o r  th is  approach i s  that  such  

a t e s t  should revea l  manufacturing defects  which might cause  a s e r -  

vice fai lure .  Conversely,  i f  a manufacturing defect i s  not revealed 

b y  the t e s t ,  it probably would not be de t r imenta l  t o  the  s e r v i c e  p e r -  

formance.  The  second approach is t o  de r ive  test ing conditions which 



a r e  specifically designed t o  detect  workmanship e r r o r s  and defective 

miiterials.  F o r  th is  c a s e ,  the result ing t e s t  c o n d i t i ~ n s  need not con- 

st i tute a simulation of the anticipated s e r v i c e  environrnent. F o r  

example,  acceptance t e s t s  of e lectronic  equipment somet imes  include 

the application of dwell sinuaoidal excitation a t  the resonant f requencies  

of w i r e  bundles, even though no such excitation ex i s t s  in the anticipated 

s e r v i c e  environment. Th i s  is done solely because  the vibration of wi re  

bundles at  resonance is an effective way to  reveal  (quickly fc?.ii) poorly 

soldered e lec t r i ca l  connections. 

The  NASA Goddard Space Fl ight  Center  (GSFC) i s  con- 

cerned  with both qualifiration and acceptance t e s t s  a s  well as combined 

qual-acceptznce t e s t s  on unmanned spacecraf t  hardware.  112 GSFC 

t s r ~ ; ~ i n o l o z y ,  qualification t e s t s  a r e  cal led prototype t e s t s ,  acceptance 

t e s t s  a r e  cal led flight t e s t s ,  and combined qual-acceptance t e s t s  a r e  

cal led proto-fl ight t e s t s .  For the c a s e  of acceptance (ilight) t e s t s ,  

GSFC employes t h e  f i r s t  mentioned approach t o  the Jerivation of v ibra-  

tion t e s t  leve ls  and durations;  that  is, acceptance t e s t  c r i t e r i a  a r e  

based  upon predictions f o r  the  anticipated s e r v i c e  environment. T o  be  

specific,  acceptance t e s t  levels  a r e  establ ished at  the  97. 7 percentile* 

of the anticipated s e r v i c e  vibration levels ,  and acceptance test: durat ions 

a r e  selected t o  be approximately equivalent t o  the duration of the  s e r -  

vice vibration expoaloez. Qua1ificatit.n (prototype) t e s t  c r i t e r i a  a r e  then 

establ ished by sett ing the qualificatior. t e s t  leve ls  t o  be  1. 5 t i m e s  the 

acceptance t e s t  leve ls  and the  qualification t e s t  d u r a t i o ~ ~ s  t o  be 2 t i ines  

the  acceptance t e s t  durat ions.  Combined qua!.-acceptance (proto-flight) 

t e s t  c r i t e r i a  a r e  a r r i v e d  a t  by using qualification t e s t  leve ls  with 

acceptarlce t e s t  durations.  

*equivalent tn the W2u percent i le  of a normal  distribution. 



T h e  foregoing GSF C procc*dares have undoubtedly p r o -  

vided qcceptabie r e s u l t s ,  as  c?vl ..:.lccbd t )y  t he r a r e  occ11 r  rcnc-c of con-  

f i r m e d  vibrat ion induced s e r v i c e  failii r t ~ s  i n  GSFC s p a c e c r a f t .  Neve r -  

t he l e s s ,  c e r t a i n  a s p e c t s  of thtl procedrlrcks n r e  somewhat a rb i t  ra  r  y a:id, 

hence,  might he improved  upoil. The st~it ly r epo r t ed  hercbin i s  cor .cerned 

with one such a spec t  of the  p rocedures ;  n?nle ly ,  t h e  se lec t ion  gf t e s t  

l eve l s  based  upon pred ic t ions  f o r  t he  antic ipated serv4ce envi ronmenta l  

levels .  

Be fo re  pursuing the  above sl lecif ic sub jec t ,  i t  shouid be 

mentioned that  the  g e ~ l e r a l  s u b  iect ~f s p a c e c r a f t  v ibra t ion  tes t ing  r a i s e s  

a  number  of b a s i c  i s s u e s  which might be ( eba ted .  Included a r e  t he  

validi ty and [ficiency of d i r e c t  nlechanic;  1  v ibra t ion  test.s a s  opposed 

t o  acous t ic  no ise  induced ~nibrat ion t e a t s ,  Input motion c o ~ ? t r o l l e d  t e s t s  

a s  opposed to  input fo rce  a n d / o r  r e s p o n s e  motion cont ro l led  t e s t s ,  fti:l 

a s s e m b l y  t e s t s  as opposed t o  component t e s t s ,  -ttid ~thnl  l i ~ n t .  cnv i ron-  

n,ental s imula t ion  t e s t s  as opposed t o  a c c e l e r a t e d  d a m a g e  s imulat io l i  

t e s t s .  T o  p e r m i t  t he  i o rmula t ion  of a  c l e a r l y  defined'problern which 

can  be pursued  analytical ly,  such  i s s u e s  a r e  a v ~ i d e d  in  t h i s  study by 

a  s e r i e s  of bas i c  a s sumpt ions  which a r e  gene ra l ly  compat ib le  with GSFC 

t es t ing  philosophy. T h e s e  a s sumpt ions  a r e  a s  follows: 

(a)  An acous t i c  t e s t  i s  s imp ly  a  s p e c i a l  type of 

v ibrat ion t e s t  whe re  t h e  iriput fo rc i  . ~ g  function 

is a p r e s s u r e  field ra t l ier  than  a  mounting point 

motion. 

(b) No m a t t e r  what ~ a r a m e t e r  (impinging 

input motion,  input force, o r  r e s p o n s e  mot ion)  



i s  used to  specify the v ib ra t io :~  t e s t  levels ,  che 

anticipated se rv ice  envirorlment can b~ p r e -  

dicted in  t e r m s  of the probability density function 

of that pa ramete r .  

( c )  The hasic  goals of a vibration t e s t  a r e  n ~ t  in-  

fluenced b y  the scope of the hardware  to  be tes ted  

(an acceptance t e s t  of a complete spacecraf t  a s -  

sembly i s  per formed with the s a m e  bas ic  intent a s  

an acceptance t e s t  of solme component thereof) .  

(d) Vibration exposure t i m e s  in  s e r v i c e  a r e  such that 

r e a l  environmental  s imulat ion tests can be per- 

formed (no acce lera ted  test ing i s  requi ted) .  

F u r t h e r  assumptions needcd t o  make thc problem t rac table  a r e  presented 

l a t e r  for  each test ing objcctivct to  he  cons iae~.cd .  



THE:ORETICAI> RACKC1< OUND 

The select ion of v'.hration t e s t  leve ls  for spacecraf t  ha rd -  

ware  ul t imately reduces  to  the determinat ion of an  acceptable compro-  

mists between the undesirable  consequences of overtest ing v e r s u s  under -  

testing.  Some finite r i s k  of overtest ing o r  undertest ing always mus t  be 

accepted s ince  the se rv ice  environmental  road a s  well a s  the r e s i s t ance  

of the spacecraf t  ha rdware  t o  environmerltal induced fa i lures  a r e  not 

prec ise ly  known; i. e . ,  both of these  fac tors  a r e  random var iables .  

To present  the problenl in  m o r e  quantitative t e r m s ,  let; 

t he  fol1owi::g notation be defined: 

S = hardware  s t rength;  i. e.  , r e s i s t ance  to  environmental  

induced fa i lures  

E - - se rv ice  environmental  load 

L = environmental  t e s t  level  

P (s = probabili ty density function of the  hardware  s t rength  

?(El = probability density function of the  s e r v i c e  environmental  

1 o a d  

Note that S, E, and L may be defined in  t e r m s  of any load p a r a m e t e r  

of concern (input accelerat ion,  input fo rce ,  response  accelerat ion,  etc. ) 

s o  long a s  it i s  the s a m e  p a r a m e t e r  fo r  a l l  t h r e e .  F u r t h e r  note that  S 

and E a r e  both functions of f requency s ince  t h e  ha rdware  s t rength  as 

well a s  the environmental  loads a r e  frequency dependent. It follows 

that  an appropr ia te  value f o r  L will a l so  be frequency dependent. How- 

ever ,  the  notation ( f )  f o r  the  frequency dependence of S ,  E, and L will 

be omitted throughout f o r  simplicity.  



Given the above d e f i n i t i ~ n s ,  the co r r~prcmise  between over  - 

t c s t i n g  alld undertesting can  be graphically i l lustrated as  shown in F i g u r e  

1 .  F a r  a t v s l  at level L, i t  i s  c l e a r   fro?^ E'igurc 1 that  the probability of 

the hardware  failing the t e s t  ( re la ted  t o  c\v?rtestina,) i s  

w h i l e  the p r ~ b ~ b i l i t y  3f the  environment;.! lcad exceeding the t e s t  level  

( re la ted  to under te  j t ing) i s  

Of g r e a t e r  i n t e r e s t  i s  how the t e s t  leve l  L re la t e s  to  the 

p r ~ b a b i l i t y  of an environrncntally induced s e r v i c e  fai lbre .  In the absence  

of any testing,  the probability of a s e r v i c e  fa i lure  i s  s impiy the probability 

that  S r E. Specifically,  letting v = S - E, the probability of a s e r v i c e  

f z i -u re  i s  given by 

Now consider  the c a s e  where  the hardware  has  passed a t e s t  a t  level  L. 

Letting A = S - L and assurnlrig for  :'n?.slicity that  the t e s t  causes  no 

damage,  the  probabili ty of ia s e r v i c e  fai lure  given the hardware  passer; 

a t e s t  a t  leve l  L is 



LOAD 

FIGURE I. STATISTICAL DISTRIBUTl9NS OF ENVIRONMENTAL LOAD 

AND HARDWARE STREfdGTH 



where P [ x  y denotes the conditional probability of x given y, and I I 
P [x, y] denotes the joint probability of x and y. For  the case of a test  

at level L = 0 (no tes t ) ,  S in Eq. (4). Since S cannot he negative 

(0 r S < a ) ,  it follows that lom p ( A )  d A = 1 and p ( v ,  h ) d h  = P ( v ) .  

Hence, for the case of L = 0, Eq. (4) reduces to  

which is equal to the probability of a service failure defined in Eq. ( 3 ) ,  

a s  would be expected. 

Although not obvious from Eq. (4), i t  can be shown that 

PI (L) -0 as  L- m . In words, for the idealized case being considered, 

the probability of a service failure in a successfully tested item of hard- 

ware goes down as the tes t  level goes up. Of course the probability of 

the hardware passing the test,  even though i t  may be satisfactory for 

the service environment, also goes down a s  indicated by Eq. ( 1  1. Hence 

the risk of undertesting can be eliminated only by testing at infinite 

levels which would fail all  hardware items, while the risk of overtesting 

can be eliminated only by  testing at nil levels (no testing at all). It is 

c lear  that the selection of a test  level involves a compromise between 

these two extremes. 



3. 0 TEST LEVEL SELE;CTION CRITERION 

The f i r s t  problem to  be resolved i s  the formulation of a 

suitable cr i ter ion f o r  the required compromise between overtesting and 

undertesting. A number of possible c r i t e r ia  a r e  available f rom the 

general  l i te ra ture  on stat is t ical  decisions, a s  s u n ~ m a r i z e d  for appli- 
-1. 

cations to the aerospace vibration testing problem by Rentz [ i]".. The 

most  attractive of the possihle c r i t e r ia  f r o m  the viewpoints of simplicity 

and applicability to  the problem a t  hand i s  believed Lo be a "minimum 

cost of e r r o r "  cr i ter ion.  Such a cr i ter ion i s  applicable to  most  testing 

problems involving a s imple "yes" o r  "no" decision where the undesirable 

consequences of an incorrect  decision a r e  finite and subject to  quan t i t~ t ive  

estimation. A simple statement of the  approach i s  presented in i 21 with 

more  rigorous developments available f rom the references to  [ I]. 

3 .  1 REVIEW OF BASIC APPROACH 

Let w be a parameter  value of in teres t ,  and S2 be the 

domain for  a l l  porsible values of w. Let 8 be a set  of desirable values 

within IZ which hopefully includes the parameter  value w ,  and 8 = Q - 8 

be the se t  of values within SZ which do not fal l  within 8 (the complement 

of 8). An experiment is now performed with a result  that leads to  one 

of two possible decisions, d l  o r  d a s  follows: 
2 

d l  = the parameter  value w i s  inside €I 8). 

d2  
= the parameter  value w i s  outside 0 ( a c  5). 

It follows that the resulting decision will produce one of four possible 

situations: 

*Numbers in brackets  denote references  in  Section 8. 0. 



a )  decision d i s  made  when in fact  w 0 
1 

(a c o r r e c t  decis ion)  

- 
b )  decision d i s  made when in fact  u = 8 

2 
( a  c o r r e c t  decis ion)  

- 
c )  decision d i s  made when in  fact  w c 8 

1 
(an i n c c i r ~ c t  decis ion)  

d )  decis ion d i s  made when in  f a c t  w = 8 
2 

(an inc:or rec t  decision; 

The  f i r s t  two situatio:is involve c o r r e c t  decision which a r e  a s sumed  t o  

produce no undesirable  cr ,~lsequences.  The second two situations in-  

volve incor rec t  decis ions which a r e  a s s u m e d  t o  produce undesirable  

consequences that can be quantitatively predicted.  Let  the incor rec t  

decisions be cal led e r r o r s .  It i s  now a s s e r t e d  that  a "good" experiment  

i s  one which will produce a decision - with the minimum undesirable  con- 

sequences on the average;  that  i s ,  the minimum expected value fo r  the  

cost  of a n  e r r o r .  

T o  formula te  the  cr i te r ion ,  le t  the following notation be 

defined. 

PI  
= probabili ty of an  e r r o r  in  decis ion d . that  is, 

2 ' 

C1 - cost  (or  other  m e a s u r e  of the  undesirable  con- 

sequences)  of an e r r o r  i n  decision d 
2 ' 

P2 
= prdbability of a n  e r r o r  in  decision d . that  is, 

1 ' 



C 2  
= cost  ( o r  other  m e a s u r e  of the undesirable  con- 

sequences)  of an e r r o r  i n  decision d . 
1 

p = probability that  d  i s  c o r r e c t  decision; that i s ,  
1 

P [ w c e ] .  

1-p = probability that  d  i s  c o r r e c t  decision; that  i s ,  
2 

P [ w  c 8 ] .  

Now i f  w 0 ,  decision d would constitute an e r r o r ;  the probability of 
2 

the e r r o r  i s  P and the cost  i s  C . Hence, the expected value f o r  the 
1 1 - 

cost  of an e r r o r  in  th is  c a s e  is  P C Simi lar ly ,  i f  w .; 9, d e c i s i ~ n  d 
1 I' 1 

would consti tute an  e r r o r  with an  expected cos t  of P C It follows that  
2 2 '  

t he  expected value for  the total  cos t  of an  e r r o r  i s  

A "good" experiment  will then  be one where  P and P a r e  such that C 
1 2 e 

in  Eq. ( 6 )  i s  a  minimum. 

3.  2 APPLICATION TO VIBRATION TESTING 

Consider  an  idealized vibrat ion t e s t ,  a s  d i s c ~ s s e d  in  Section 

2. 0, where the following assumptions apply. 

a )  The  t e s t  i s  per formed t o  ver i fy  that the ha rdware  

will function proper ly  i n  i t s  anticipated s e r v i c e  en- 

vi r onme nt . 



b )  If the  ha rdware  passes  t h e  t e s t ,  t h e r e  i s  no res idua l  

damage caused  b y  the  t e s t  which wili adverse ly  

influence the p roper  per formance  of the hardware  

in  se rv ice  (no fatigue damage occurs ) .  

c )  If the hardware  fa i i s  the t e s t ,  s o m e  cor rec t ive  action 

(redesign,  rework, e tc .  ) i s  taken and the  ha rdware  

i s  re tested:  that  i s ,  the ha rdware  must  successful ly  

pass  the t e s t  without w a i v e r s  before s e r v i c e  u s e  is 

approved. 

The  c r i t e r ion  outlined in  Section 3 .  1 m a y  now be applied d i rec t ly  to  the  

design of a "good" exper iment  (the select ion of a "good" t e s t  leve l )  fo r  

thi a idealized vibration t e s t  as follows: 

Let  S, LC, and L be the  hardware  s t rength,  the  se rv ice  

environmental  load, and the  t e s t  environmental  level ,  respect ively,  a s  

i l lus t rs ted  in  F i g u r e  1. J,et d be the decision t o  approve the ha rdware  
1 

for  s e r v i c e  use  which o c c u r s  if the ha rdware  p a s s e s  the t e s t ;  that  is, 

and d be the decision not t o  approve the ha rdware  f o r  s e r v i c e  u s e  which 
2 

o c c u r s  i f  the  hardware  fa i l s  the  t e s t ;  that  i s ,  

It fo?.iows that  d will be a c o r r e c t  decision i f  the ha rdware  in  fact  is I 
s t ronger  than the se rv ice  environmental  load; that  is, 



while d will be a c o r r e c t  d e c i s i o i ~  i f  the ha rdware  in fact  i s  not s t ronger  
2 

than the  se rv ice  environmental  load; that  i s ,  

Final ly ,  the cost  of an e r r o r  in  decis ion d will be the cos t  o f ,  s e r v ; r e  
1 

fai lure ,  to  be denoted by C while the cos t  of an e r r o r  in  decisicrr d 
f '  2 

will be the cos t  of a t e s t  fa i lure  (redesign,  rework,  r e t e s t ,  e tc .  ), t o  be 

denoted by C Then, r e fe r r ing  t o  Eq. ( 6 ) ,  the t e i m s  needed t o  define 
t '  

the expected value of the cos t  01 an e r r o r  i s  a s  follows: 

P 
1 

= P [ d 2 1  W C ~ ]  = P [ S < _ L  I S > E ]  

1 
= C (cost  of a t e s t  f a i lu re )  

t 

P2 
= p [ d l I  w = 8 ]  = P ~ S Z L  I S < E ]  

= C (cost  of a se rv ice  f a i lu re )  
f 

P = P [ w ;  81 = P [S > E ]  

Hence, Eq. (6)  becomes  

Noting that  P [x/y] = P [x, y] / P  [Y], Eq. ( 7 )  reduces t o  



Based upon the c r i t e r ion  d iscussed  in Section 3 .  1,  a  ltgood" t e s t  le\ .<i 

L fo r  th is  idealized exarllple i s  one which minimizes  C in Eq. (8).  
e  

Such a t e s t  level  will be r e f e r r e d  t o  a s  an "optimal" t e s t  level.  

A brief review of Eq. (8) quickly revea l s  the logic of the 
-7 cr i te r ion  a s  ~ p p l i e d  to  the vibration test ing problem. Specifically, % q .  

(8 )  says  that the total  cost  of an e r r o r  i s  given by the probability of a 

t e s t  fa i lure  due to  overtest ing (P[S 5 L, S >El) tirries the cos t  of a  tcs '  

fa i lure  due to overtest ing (C ) plus the probabili ty of a  s e r v i c e  fai lure  
t 

d1.e to  undertesting ( P [ S  > L ,  S 5 El) t i m e s  the cost  of a  s e r v i c e  f a i l l ~ r e  

due to  undertest ing (C ). An optimal t e s t  level  is one which will r r ~ , , : i - -  
f 

mize  this  cost  on the average.  



4. G FORMULATION OF TEST LEVEL SECTION MODELS 

The c r i t e r ion  fo r  selecting an opt imal  t e s t  level,  a s  but- 

lined i n  Section 3. 0, i s  nQw applied t o  the specific types of t e s t s  p e r -  

formed by GS?!'C. Qual-acceptance test ing is considered f i r s t  s ince 

i t  provides the mos t  d i rec t  application of the  cr i te r ion .  Acceptance 

testing i s  considered next and qualification test ing las t .  

4. 1 QUAL-ACCEPTANCE TESTING 

Co~ysider  a qual-acceptance vibration t e s t ,  called a proto-  

flight t e s t  by GSFC, a s  a i scussed  in  Sectian 1. 0. L e t  the following 

assumptions apply. 

a )  i'hz pll.rpose of the t e s t  is t o  ver ify that the specif ic  

hardware  i t e m  being tes ted  will function p r r ~ p e r l y  in  

i t s  anticipated s e r v i c e  vibration environment;  i. e. , 
the design integri ty  and fabricat ion quality of the  i t e m  

a r e  adequate. 

b) The integri ty  of the hardware  design has  r,ot heen 

verified by a p r i o r  qualification t e s t  on a prototype 

unit. 

c )  If the hardware  p a s s e s  the  t e s t ,  t h e r e  is no res idual  

damage caused by the  t e s t  which will adverse ly  in-  

f luence the  proper  per formance  of the  ha rdware  in  

i t s  anticipated se rv ice  environment. 



d )  If the hardware  fa i l s  the t e s t ,  co r rec t ive  action in  

the f o r m  of redesign a n d / o r  rework  i s  ;aken and the 

hardwart:  i s  rz tes ted;  that  i s ,  the hardware  mus t  

surcessfu l ly  pass  a t e s t  wit). ~ 7 ~ t  w ~ i - v e r s  before being 

approved f o r  s e r v i c e  use .  

Assuniptions a )  and b )  evolve direckly f r o m  the  basic  purpose of a qual-  

acceptance t e s t  a s  defined herein.  A:-sumption c )  i s  inherent  in the  qual-  

acceptance t e s t  concept and c r i t i ca l  t o  the problem formulation. Un- 

for'unately, in  light of assumption b) ,  the validity of assumption c )  i s  

questionable ic pract ice.  In fact ,  th is  assumpt ion  points out the  p r i m a r y  

deficiency in the p a l - a c c e p t a n c e  t e s t  concept. Specifically, in the ab-  

sence of a p r i o r  prototype t e s t ,  it i s  difficult to  conf i rm that the  qual-  

acceptance t e s t  has  not expended a significant portion of the  wear-out  

(fatigue) l ife of the hardware.  P e r h a p s  th i s  c o ~ f i r m a t i o i ~  could be 

obtained f r o m  the re su l t s  of e a r l i e r  engineering and design evaluation 

t e s t s ,  o r  f r e m  analysis  of data collected during the  qual-acceptance 

tes t .  In any case ,  the a.ssumption is n e c e s s a r y  and will apply. 

Assumption d)  r e q u i r e s  elaboration. The  problem h e r e  i s  

defining what const i tutes  a f a i l u r e  of the hardware.  On the  one hand, i f  

a s t ruc tu ra l  m e m b e r  w e r e  t o  b reak  due t o  inadequzte design s t rength,  

th i s  c l ea r ly  7.vould be a fa i lure  in  the  context of assurnption d). On the  

o ther  hand, i f  a w i r e  connection w e r e  t o  b r e a k  due t o  faulty soldering, 

the  t e s t  might be br ief ly  in ter rupted  t o  r e so lde r  the connection, o r  

s imply continued t o  ccmpletion with the  co r rec t ive  soldering accom- 

plished a t  the conclusion of the tes t .  E i the r  way, th i s  would not be a 

fa i lure  in  the context of assuxnption 6) s ince  no majo r  co r rec t ive  ac:ion 

i n  the f o r m  of extensive analysis  a n d / o r  r e t e s t  would be requi red  t o  

make the hardware  suitable f o r  s e r v i c e  use .  In broad t e r m s ,  a t e s t  



f a i lu re  wild be defined a s  any s t r u c t u r a l  fa i lure  o r  pe r fo rmance  

malfunction which cannot be  confidently at t r ibuted t o  a n  eas i ly  r e p a i r -  

able workmanship er ror  o r  m a t e r i a l  defect. 

With the above assumptions,  the  d iscuss icns  in  Section 

3. 0 can now be appiied t o  the design of a qual-acc-ptance t e s t .  In fact ,  

the assuinptions make the  qual-,acceptance t e s t  equivalerrt t o  the  idea l -  

ized  vibration t e s t  d i scussea  in  Section 3 .  2. Hence, the r e su l t s  in  Eq. 

(8) apply direct ly;  that  i s ,  the  expected value of the cos t  of an e r r o r  i n  

qual-acceptance test ing is 

where  

S = hardware  s t rength  

E = s e r v i c e e n v i r o n m e n t a l l o a d  

L = t e s t  environmental  load 

C = cos t  of qual-acceptance t e s t  fa i lure  
q t 

Cf 
= cost  of s e r v i c e  fa i lure  

4. 2 ACCEPTANCE TESTING 

Consider  next an  acceptance t e s t ,  cal led a flight t e s t  by 

GSFC, a s  d iscussed  in  Section 1. 0. L e t  the  following assumptions 

appl Y- 

a) T h e  purpose of the t e s t  i s  t o  ver ify tha t  the specif ic  

hardware  i t e m  being t e s t e d  was manufactured with 

no workmanship e r r o r s  o r  m a t e r i a l  defects  that  

would impa i r  p roper  per formance  i n  its anticipated 

s e r v i c e  environment.  



b )  The integri ty  of the  ha rdware  design has  been verif ied 

by a p r io r  qualification t e s t  on a prototype unit. 

t) If the hardware  p a s s e s  the t e s t ,   here is no res idual  

damage caused by the t e s t  which wil l  adverse ly  in-  

fluence the  proper  per formance  of the  hardware  in i t s  

anticipated s e r v i c e  environment.  

d )  If the hardware  fai ls  the  t e s t ,  co r rec t ive  action is  

taken in  the f o r m  of an investigation t o  de termine  i f  

the  fa i lure  was due t o  a bas ic  design fault which e s -  

caped detection in the qualification tes t .  If so,  r e -  

design a n d / o r  rework  i s  pursued. If not, that  specific 

i t e m  of ha rdware  i s  re jec ted  a s  being quali ty defective 

beyond repai r .  

Assumptions a )  and b )  evolve d i rec t ly  f r o m  the bas ic  purpose  of an 

acceptance t e s t  a s  defined herein.  Assumption c )  i s  i n h ~ r e n t  i n  the  a c -  

ceptance t e s t  concept and c r i t i ca l  t o  the  p rob lem formulation, a s  was 

t r u e  f o r  qual-acceptance test ing in  Section 4. 1. Assumption d )  elabo- 

r a t e s  on the type of action which usual ly  is init iated by an  acceptance 

t e s t  fa i lure .  However, i f  an acceptance t e s t  fa i lure  i s  defined in the  

s a m e  uray a s  a qual-acceptance t e s t  fa i lure  in  Section 4. I*, then a s s u m p -  

t ion dl i s  no different f r o m  the corresponding asctlmption used t o  f o r m u -  

l a t e  the qual-acceptance t e s t  case .  

*anomalies due t o  obvious workinanship e r r o r s  o r  m a t e r i a l  defects  which 

a r e  r epa i red  2ilring o r  a f te r  the  t e s t  and do not init iate extensive analys is  

a n d / o r  r e t e s t  a r e  not considered t o  be fa i lu res  in  the context of a s sump-  

ption d). 



Hence, in  the final ana lys is ,  an acceptance t e s t  s e r v e s  the s a m e  bas ic  

purpose a s  the qual-acceptance t e s t ;  i. e . ,  t o  ver ify that the specif ic  

hardware  i t e m  being tes ted  will function proper ly  in  i t s  anticipated 

se rv ice  vibration e ~ v i r o n m e n t .  

The only prac t ica l  differ- , lcz between acceptance and qual-  

a c c e p t a n ~ e  test ing i s  that  f o r  the 2ptance t e s t  case ,  the design 

integri ty  of the ha rdware  in  question has a l r eady  been verif ied by a 

p r i o r  qualification t e s t  on a p r o t o t y ~ e  i tem. The  p r i m a r y  i n ~ p l i c a t i o n  

of th is  difference i s  tha t  assampt ion  c) ,  which i s  questionable fo r  the 

qual-acceptance t e s t ,  i s  r e a s ~ n a b l e  f o r  the acceptance t e s t  assuming 

the acceptance t e s t  is l e s s  s e v e r e  than the  p r i o r  qualification t e s t .  A 

secondary implication is that  the probabili ty dis t r ibut ion of the  h a r d -  

w a r e  s t rength S of concern  in  the  acceptance t e s t  m a y  be different f r o m  

the  s t rength  of concern  in qual-acceptance testing.  Specifically, the  

expected value of the ha rdware  s t rength  should be somewhat g r e a t e r  f o r  

the acceptance t e s t  c a s e  because  of the added confidence provided by the  

fact  that  the  hardware  has  successful ly  passed  a p r i o r  qualification tes t .  

Based  upon the  above considerat ions,  the  expected value of 

the  cos t  of an e r r o r  in  acceptance tes t ing  is given d i rec t ly  by Eq. (8) a s  

which is the s a m e  c r i t e r i o n  a s  presented  f o r  qud-accep tance  test ing in  

Section 4. 1 with two except: ions.  

a )  The  ha rdware  s t rength  i s  denoted by S r a t h e r  than S 
a 

t o  indicate different s t rength  dis t r ibut ions may be  in-  

volved. 



b)  The cost of a t es t  e r r o r  i s  denoted by C ra ther  than 
at 

C to  indicate different cos ts  for  a t es t  failure a r e  
qt 

involved. 

4. 3 QUALIFICATION TESTING 

Finally consider a qualification tes t ,  called a prototype tes t  

by GSFC, a s  discussed in  Section 1. 0. Let the following assumptions 

apply. 

a )  The purpose of the t es t  i s  tc  verify the adequacy of 

the hardware design for proper performance in i t s  

anticipated se rv ice  environment. 

b )  A decision concerning the adequacy of the hardware 

design i s  based upon the resul ts  of a single t es t  on 

one sample i t em of the hardware. The sample i t em 

tested i s  not itself delivered for  service  use.  

c )  If the sample i tem of hardware passes  the tes t ,  N 

i tems of production hardware will be delivered for  

service u se  afcer appropriate acceptance testing. 

d) If the sarrlple i t em of hardware fai ls  the test ,  co r -  

rective action in the fo rm of redesign is taken and 

a new reworked sample i t em of hardware i s  tested; 

tha.i is, a sdmple i t em of hardware must  success-  

fully pass  a t es t  without waivers before the hardware 

design i s  approved for  se rv ice  use. Fur thermore ,  

all  i t sms  of production hardware which might have 



been manufactured p r i o r  to  the t e s t  will be r e f u r -  

bished in  accordance  with the redesign needed t o  

pass  the  tes t .  

Assumptions a )  and b )  evolve d i rec t ly  f r o m  the bas ic  purpose of a 

qualification t e s t  a s  defined herein.  .Assumptjons c )  and dl a r e  needed 

t o  quantitize the  potential cos t  of an e r r o r  in the  decis ion resul t ing f r o m  

the t e s t .  

Given the above assumpt ions ,  t h e r e  a r e  s e v e r a l  in tepre ta-  

t ions which can be applied to  formula te  an  expected cost  of e r r o r  f o r  

qualification testing.  T h r e e  possibi l i t ies  a r e  now considered.  

4. 3. 1 Approach No. 1 

The f i r s t  approach i s  t o  se lec t  the  qualification t e s t  level  

based  upon the probabili ty that  a l l  production i t e m s  (i-ather than the 

sample  i t e m  being t e s t ed )  will  function p roper ly  in  the i r  anticipated 

s e r v i c e  environment. Th i s  is done without considerat ion of t h e  poten- 

t i a l  r e su l t s  of the acceptance t e s t s  to  be pe r fo rmed  on the  production 

i t ems .  

Following the  procedure  i n  Section 3,  le t  d l  (dZ) be the 

decis ion t o  approve (not t o  approve)  the  ha rdware  design fo r  s e r v i c e  

u s e  which occurs  i f  t he  sample  i t e m  p a s s e s  (fails) the  t e s t ;  that  i s ,  

where  S i s  the  s t rength  of the  sample  i t e m  used  f o r  the qualification 
4 

tes t .  Decision d will  be considered a c o r r e c t  decis ion i f  a l l  production 
I 

i t e m s  a r e  s t ronger  than the s e r v i c e  environmental  loads; that  is, 



where S i s  the s t rength  of the i th  production i tem.  Decision d will 
a i 2 

be considered a c o r r e c t  decis ion i f  any production i t e m  is not s t ronger  

than the se rv ice  environmental  loads; that  i s ,  

The  undes i rable  si tuations ( e r r o a s )  which might  r e su l t  f r o m  the  qualifi-  

cation t e s t  a r e  then 

N 
a )  1 

U(S . S E ) .  decis ion d i s  made  when in fact  . 
i = l  a1 

T\i 

b )  decis ion d i s  made when in fac t  2 

It follows that  the  var ious  t e r m s  needed i n  Eq. (6) become 

= C (cos t  of a qualification t e s t  f a i lu re )  
q t 

C2 
= C ( c a s t  of a s e r v i c e  f a i lu re )  

f 



Hence, the expected value of the cost  of an e r r o r  i s  

I 

Note that the  cos t  of a t e s t  fa i lure ,  a s  denoted by C in Eq. ( I  I), must  in-  
qt 

clude the cost  of refurbishing a l l  production i t e m s  which might have been 

manufactured p r i o r  t o  the  qualification t e s t ,  a s  well  a s  the  ha rdware  r e -  

design action needed t o  p a s s  the tes t .  If M L  N production i t e m s  w e r e  

manufactured p r io r  to  the t e s t  and C i s  the cos t  of refurbishing a single 
r 

production i tem,  then 

4. 3 . 2  Approach No. 2 

The  second approach i s  t o  se lec t  the  qualification t e s t  leve l  

based  upon the probability that  a l l  production i t e m s  will  p a s s  the i r  a c -  

ceptance t e s t s  and function proper ly  i n  t h e i r  anticipated se rv ice  environ-  

m e  nt. 

F o r  th i s  case ,  the  b a s i c  decis ion p r o c e s s  is the s a m e  a s  

outlined in Section 4. 3.  1, except the  undes i rable  s i tuat ions ( e r r o r s )  which 

might r e su i t  f r o m  the  qualification t e s t  mus t  be  modified t o  account f o r  

the l a t e r  decis ions produced by the  acceptance t e s t s  on the production 

i tems.  Specifically, le t  d be considered a c o r r e c t  decis ion i f  a l l  p ro -  
1 

duction i t e m s  will  p a s s  the  acceptance t e s t  and a r e  s t r o n g e r  than the  - 
se rv ice  environmental  loads; that  i s ,  



S > La, S > E and Sa2 > L  S > E  and . . .  
a! a I a' a2 

and SaN 'La' ' a ~  >E = ) (Sai>La,  S . > E )  
11 a1 

where S i s  the strength of the ith production i t em a s  before, and L 
a i a 

the acceptance tes t  level. Decision d will be considered a cor rec t  
2 

decision i f a n y :  production i tem i s  not s tronger than the service  environ- 

mental loads (whether i t  will pass an acceptance t e s t  i s  not relevant in 

this case);  that is ,  

Evaluating the undesirable situations ( e r r o r s )  and calculating the t e r m s  

i n  Eq. (6 )  leads to  

where C i s  a s  defined in Eq. (12). 
q t 

4. 3. 3 Approach No. 3 

The final approach i s  t o  select  the qualification tes t  level 

based upon the probability that the sample i t em being tested will function 

properly in its anticipated service  environment. F o r  this case,  the pro-  

bability that the production i tems will function properly in thei r  anticipated 

service  environment is accounted for  in  the "cost of service  failure" t e rm.  



The decision to  approve (not to  approve) the hardware design for  service  

use  which occurs i f  the sap-ple i t em passes  (fails) the  t es t  i s  the s ame  a s  

before; that i s ,  

Now, however, decision d (d ) will be considered a cor rec t  decision i f  
1 2  

the sample i tem being tes ted  is stronger (not s t ronger )  than the service  

environmental loads; that i s ,  

S > E (d co r r ec t )  
4 I 

S 5 E (d2 co r r ec t )  
q 

Hence, the undesirable situations ( e r r o r s )  which might result  f rom the 

qualification test ,  and thei r  probability of occurrence,  a r e  the s ame  2s 

developed in Section 3. 2; namely 

Fur thermore ,  ~ e f e r r i n g  t o  Eq. (6), the pC1 t e r m  i s  the same as  before 

except the cost of refurbishing M f l  i tems of production hardware which 

might have been manufactured pr ior  t o  the qualiiication tes t  must be added. 

Specifically, using the notation of Eq. (1 2) ,  



Now consider  the  (1-p)C,, t e r m  in Eq. (6). Let P de: c i t e  
i. nf 

the  probability thzt  n - < N productior, fi;ems b i l l  fail in servicr-. . . . .:iinl~.ng 

all prociuction i t e m s  have the  s a m e  s t rength  distribution funct- dri, l ~ v  

probability of n ~ e r v i c e  f a i lu res  i s  given by the  binomial distribution; 

that  i s ,  

where  

P = probabili ty of a single s e r v i c e  fa i lure  
f 

P[S c E] 
a - 

P = probabili ty of ! : ?)qle s e r v i c e  s u c c e s s  
S 

= P[S > E] = 1 - Pf 
a 

Let  C denote the  cost  of n s e r v i c e  fa i lures .  Assuming all s e r v i c e  fail. 
n f 

u r e s  a r e  of equal cost ,  C = n C wilere C is the  cos t  of a single 
n f f f 

s e r v i c e  fai lure .  Since all fa i lure  c c s t  possibi l i t ies  must be considered,  

it follows that  



Letting u = K-I and v = n- I ,  the  summation in  the  above express ion  reduces  

t o  

Hence, 

Finally, P s sume  that the  acceptance t e s t s  on the  production i t e m s  e l imi-  

nate f r o m  se rv ice  u s e  a l l  i t e m s  with deficient s t rength  due t o  poor work-  

manship and /o r  m a t e r i a l  defects; i. e. , a s s u m e  S = S . Then, using 
a q 

Eqs (14) and (15) ,  the expected value of the  cos t  of an  e r r o r  in  qualification 

testing i s  given by Eq. (6) as 

Of the three  approaches developed in this Section, the fo rmu-  

lation resuit ing f rom the third approach, a s  given by Eq. (16), will  be used 

to der ive ~ p t i m a l  levels  fo r  qualification testing.  The p r i m a r y  reason  for  



this choice i s  that Eq. (16) is the only one of the t h ree  formciations 

which can be minimized and solved in closed f o r m  without introducing 

extzeme assumptions. The only debatable assumption involved in the 

derivation of Eq. (16) is that S S . This is a reasonable assumption 
a q 

i f  the p r o t ~ t y p e  hardware i t em used  for  the qualificp-tion tes t  i s  t ruly 

representat ive of the production i tems,  a s  it should be, and i f  Y >> oS , 

as  i t  usually i s .  



5. 0 SOLUTION O F  TEST LEVEL SECTIOP! MODELS 

The determination of ail optimal tes t  level f rom the c ~ s t  of 

e r r o r  ?resented in Section 4. 0 requires three general steps a s  

follows : 

E j Specific probability density functions of the hardware 

strength S and the environmental load E must be s s -  

sumed. 

b )  The probability statements in Eqs ( 9 ) ,  (10) and (16) must 

be reduced to  analytical expressions involving S, E, 

and L based upon the probability density functions 

assumed for S and E. 

c )  Each of the resuiting cost of erroT: expressions must 

be differentiated with respect to  the tes t  level L, and 

solved for the value of L y-rhich makes the derivative 

equal to zero. 

Each of the above stnps i s  now outlined with analytical details presented 

in the appendices. 

5. 1 PROBABILITY DENSITY FUNCTIONS 

The determination of an optimal tes t  level will be pursued 

assuming two different forms for the probability density functions of S 

and E, a s  follows: 

a )  lognormal distribution. 

b)  normal distribution. 



F o r  the lognormal distribution assumption, the prohbi l i ty  density func- 

tions of S and E a r e  given by 

where 
,- 

I , = log S 
. . 
E r log  E 

'5 = mean value of log S 

MA = mean value of log E 
E 

a; = standard deviation of log S 
s 

'JA = standard deviatior of log E 
E 

For  the normal distribution a s  sum-ption, the Frobability density functions 

of S and E a r e  given by 

where 
F S  

= mean value of S 

F E  
= mean value of E 

(r = standard deviation of S 
S 

u = standard deviation of E 
E 

Of the above two probability density functions, the lognormal 

function i s  the more realistic for the problem being considered. 



I . .  

Although there i s  rro f i r m  theoretical justification for a l o g ~ o r m a l  assump- 

tion, it has been widely used in the past to describe the probabilistic 

character of both environmental loads and hardware strength. F r o m  a 

theoretit 11 viewpoint, the lognormal distribution rules out the pos s i  - 
bi lit y rative values for S and E, which i s  consistent with physical 

- realit).  ,om a practical viewpoint, it makes the distributions of the 

load and strength parameters normal when these parameters a r e  measured 

in dB, which i s  convenient. Further discussions of the lognormal dis t r i -  

bution a r e  presented in Appendix A. 

The normal probability density function theoretically suggests 

the possible occurrence of negative values for S and E, which cannot 

happen in practice. Furthermore,  experience has not supported the ap- 

plicability of the normal assumption to environmental load and/or hard- 

ware strength distributions. The normal distribution assumption i s  em- 

ployed in these studies primarily to  provide an indication of how much 

the underlying probability density function assumption might impact the 

resulting optimal test  levels provided by the models. 

5. 2 REDUCTION O F  PROBABILITY STATEMENTS 

The two basic probability statements which appear in Eqs ( 9 ) ,  

(1 O), and (1 6 )  a r e  the joint probabilities, P[S<L, - S> EJ and P[S>L, S< - El- 
These two statements a r e  reduced t o  analytical expressions assuming both 

lognormal and normal distributions of E and S in Appendix B. The results 

for the lognormal distribution assumption a r e  presented in Eqs (B. 8) and 

(B. 10). The results for an unrestricted normal distribution assumption 

a r e  given by Eqs (B. 14) anci (B. f 5 ) ,  while the results  for a truncated 

normal distribution assumption (restr icted to  nonnegative values of S and 

E) a r e  presented in Eqs (B. 19) and (B. 21). 



SOLIIJTTON FOR TEST LEVEL WHICH MINIMIZES COST OF 
ERROR 

By substituting the appropriate expressions f r o m  Appendix B 

into the equations for  C developed in Section 4, taking the derivative of 
e 

C with respect  to  L, and setting this  derivative equal to  zero, the t es t  
e 

level L which minimizes the expect value of the cost of an e r o r  C i s  
o e 

determined for  each of the th ree  types of testing. These  calculations a r e  

presented in Appendix C. The resul ts  a r e  summarized below. 

5 . 3 .  i Solutions for  Qual-Acceptance Testing 

The tes t  level  which will minimize the cost of e r r o r  in qual- 

acceptance testing, a s  given b y  Eq. (9),  is determined in Appendix C to  

be a s  follows: 

a )  $'or lognormal distributions of S and E, 

b)  F o r  normal  distributions of 3 and E, 

In the above equations, 

1 k 
e r f ( k I =  ,L exp [- ;2] dx 



5. 3 . 2  Solutions for Acceptance Testing 

The cost of e r r o r  model for acceptance testing, as  given b y  

Eq. (1  O), is  of the same form a s  the model for qual-acceptance testing 

given in Eq. (9). They differ only by the t e r m s  for cost of a test  failure 

arid hardware strength. The lat ter  t e r m  does not appear in the solution 

for the test  level which ~a in imizes  the cost of e r r o r .  Hence, the results 

for acceptance testing a r e  the same as  p ~ e s e n t e d  in Eq. (19) for p a l -  

acceptance testing except C replaces C 
at qt; that is, 

a )  F o r  lognormal distributions of S a.ld E, 

b) F o r  normal distribution of S and E, 

(2 Oa) 

5. 3 .  3 Sol~ t ions  for Qualification Tes t inp~  

Using Eq. (16) as  the cost of e r r o r  model for qualification 

testing, it i s  clear that the qualification tes t  case i s  the same a s  the qual- 

acceptance tes t  case except that the cost of a tes t  failure is  given by C 
q t 

= C + MC , and the cost of service failures i s  given by NC Hence, the 
qt r f 

tes t  level which will minimize the cost of e r r o r  in qualification testing i s  

a s  follows: 



a) F o r  lognormal distributions of S and E, 

N C f - ( C  t + M C  
- - r ) 

crf 2 ( N C f + C  f M C )  

q t r 

b) F o r  normal  distributions of S and E, 



6. 0 EVALUATION O F  RESULTS 

The optimal t es t  levels presented in Section 5. 0 for a11 

th ree  types of testing a r e  part icularly gratifying in t h ree  important 

respects .  F i r s t ,  the hardware strength S does not enter  intc the r e -  

sul ts  indicating the optimal t e s t  levels a r e  in6ependent of the strength 

of the hardware being tested. This i s  of great  pract ical  significance 

since the hardware strength i s  generally an unknown parameter  in 

practice. Second, the resul ts  can be reduced t o  an optimal t e s t  level 

in t e r m s  of a percentile of the environmental load distribution a s  a func - 
tion of a rat io of the cost of a t es t  f a i l ~ r e  t o  the cost of a service  failure.  

This i s  convenient in t e r m s  of pract ical  applications a s  w i l l  be d is-  

c1.1sssed later .  Third, the resul ts  a r e  fully consistent with a lower bcund 

for  optimzl vibration tes t  levels previously derived b y  Choi and Pie-rsol 

6 .  I RESULTS FOR QUAL-ACCEPTANCE AND ACCEPTANCE 
TESTING 

Since the optimal t es t  levels for  qual-acceptance testing and 

acceptance testing a r e  similar in form, they will be discussed together. 

First, let  the optimal t e s t  level expressions a s  given by Eqs (19) and 

(20)  be converted t o  a more  convenient f o r m  a s  follows. 

Let X denote the optimal t es t  level  L in t e r m s  of a per  - 
0 0 

centile of the distribution function of the environmental load E; that is, 
* 

F o r  either a lognormal o r  normal distribution of .E, it follows that 



l i  = 100 <- + er f  (k) 
P 1 

where 

for a lognormal distribution 

k = Iror; ") for  a normal distribution 

Hence, Eqs (1 9 )  and (20) may be written a s  

where 

C 
for qua!-acceptance testing 

C 
at for acceptance testing - 

The form of Eq. (23)  i s  desirable for two reasons. F i rs t ,  it 

expresses the optimal tes t  level in  t e rms  of a percentile of the assumed 



environmental  distribution, which i s  usual ly  the  way t e s t  ;e:rels a r e  

a r r i v e d  a t  in pract ice.  Second, it e x p r e s s e s  the  cos t  t e r m s  a s  a r a t io  

of the t e s t  fa i lure  cos t  t o  s e r v i c e  fa i lure  cost .  This  i s  important  fo r  

the  following reason.  It might be difficult in p rac t i ce  t o  individually 

a s s e s s  the anticipated cos t  of a s e r v i c e  o r  t e s t  fa i lure  in absolute 

t e r m s .  However, it might be quite reasonable t o  a s s e s s  the  re la t ive  

impor tance  of the two possibil i t ies.  F o r  example,  it may be imprac t i ca l  
4 

t o  say  that  a t e s t  fa i lure  would cost  $10 and a s e r v i c e  fa i lure  would 
5 

cos t  $10 , but completely within reason t o  say  that a s e r v i c e  fa i lure  

would be 10 t i m e s  a s  undesirable  a s  an unnecessa ry  t e s t  fa i lure .  F u r -  

t h e r  discussion of the cos t  t e r m s  i s  presented in  Section 6. 3. 

It i s  in teres t ing  t o  compare  the  opt imal  t e s t  level  given by 

Eq. (20) with a previously determined lower bound on the ept imal  level  
I 

f o r  vibration t e s t s  der ived  by Choi and P i e r s o l  in  [3]. I7 o r  conditions 

appropr ia te  t o  qual-acceptance and acceptance test ing,  the t e s t  level  

bound given in [3] i s  

where  R i s  the s a m e  a s  defined in  Eq. (23). Th i s  bound is plotted along 
C 

with the  optimal leve l  cf Eq. (23) in F i g u r e  2. 

It i s  seen  in F i g u r e  2 that  the  opt imal  t e s t  levels  developed 

herein a r e  consis tent ly  above the bounding opt imal  levels  der ived in [3J. 

*The bas ic  decision c r i t e r ion  used  in [3] is slightly different  f r o m  the  

c r i t e r ion  employed h e r e  in that  [3] seeks  t o  minimize the expected cos t  

of any decision resul t ing f r o m  the  t e s t ,  r a t h e r  than the  expected c o s t  of 

just the incor rec t  decis ions.  Th i s  fact, hr,wever, should not de t rac t  f r o m  

the validity of [3] a s  a bound on the r e s u l : ~  developed herein.  
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The results indicate the optimal level approaches the bound of [3] a s  

the test  level increases (as the cost ratio decreases).  At the one extreme 

-where the cost ratio is zero, both cu::ves converge to the 100th percen- 

tile, suggesting an infinite test level in this case. This i s  logical since an 

extremely rigorous test  would be warranted i f  the cost of a tes t  failure 

were negligible compared to the cost of a service failure. At the other 

ex-treme where the cost ratio is unity, the bounding value suggests only 

that the optimal test  level is  greater  than zero. The optimal value deter-  

mined herein, however, i s  a test  at the 50th percentile of the environ- 

ment. This means a tet '  with an equal chance of over and under testing, 

which i s  logical if the costs of a tes t  failure and a service failure a r e  

equal. 

F.ESULTS FOR QUALIFICATION TESTING 

The optimal test  levei for qualification testing, a s  given by 

Eq. (21), can be written in t e rms  of a pe;_.cent;le of the distribution func- 

tion of the environrn ! load a s  follows: 

where 



Equation (25) i s  similar in form to Eq. (20), which presents the results 

for qual-acceptance and acceptance testing. Hence, the form of Eq. (25) 

is  desirab':? for the same reasons a s  discussed in Section 6. 1 .  Plots of 

Eq. (25) for various values of N a r e  presented in Figure 3. 

Again referring to  [3] , a lower bound on the optimal levels 

for qualification vibration tes ts  was derived to be 

1 

where R i s  the same a s  defined in Eq. (25). This bound i s  plotted along 
C 

with the optimal level of Eq. (25) for the case of N = 8 Jn Figure 4. Note 

that the optimal tes t  levels developed herein a r e  again above the bounding 

opti-nal levels desirved in [3] for the case of N = 8. The fact that the 

optimal level will always exceed the bound for a l l  values of N i s  demon- 

strated in Apperidix D. 

6 .  3 DISCUSSIOX O F  COST ITEMS 

The selection of optimal test  levels in t e rms  of a minimum 

cost of e r r o r  criterion reduces to  the assessment of the ratio of the unde- 

sirable consequences of failing the tes t  due to  overtesting versus failing 

in service due to undertesting. The assessment of this  ratio R depends 
C 

on the hardware being tested and the type cf tes t  being performed, as  i s  

now discussed. 

4.  3.  1 Influence of Hardware 

It i s  clear that the value o' R which might be appropriate for 
C 

testing of a single component could be quite different f rom the value of 

R which would apply to an entire spacecraft assembly. Even among 
C 

single components, however, an appropriate value for R could vary 
C 

widely. 
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F o r  example, i f  the component in question i s  a relatively inexpensive 

"off the shelf" i tem which can be procured f r o m  severa l  competitive 

 vendor^, but i t s  failure in service  could mean the loss  of the entire  

spacezraft ,  then R would be a very  smal l  number: say, 0. 01 o r  l e s s .  
C 

On the other hand, i f  the component in question i s  an  engineered i tem 

involvinc high development costs ,  but i t s  failure in service  would mean 

the loss  of only one of a coilection of experiments to  be performed by 

the spacecraft ,  then R would be a somewhat l a rge r  number; say, 0. I 
C 

o r  greater .  T o r  the case  of qual-acceptance o r  acceptance testing, 

Eq. (23)  suggests tha.t the f i r s t  hypothetical component should be tested 

a+ co  l e s s  than the 99th percentile of the environmental load distribution 

while the second component should be tested a t  no grea te r  than the 91st 

percentile. 

Although not consistent with cur ren t  GSFC practice, the 

above resul ts  a r e  fully consistent with intuition. On the one hand, i f  a 

component is zaeadily available a t  low cost f r o m  severa l  sources  s o  that 

a tes t  I'ailure would require olL!y a new procurement f rom a different 

source,  but tile component is cr i t icz l  to  the overall  success  of the space- 

craft  mission, then the r i sk  of undertesting should be minimized even a t  

the expease of a high prcbab:*ity of overtesting; that is, the demand f o r  

an unsuallv rugged component s h ~ - l l d  be high. On the other hand, if the 

component is !he result  of an expense der-elopment program where a 

t e s t  fai lure would lead t o  redevelopment, but the  component is c r i t i ca l  

ouly t~ a limited purtion of the  spacecraft  mission, the= the r i sk  of Dver- 

testing sk-ould rece i re  inczeascd concern; that is, the demand f o r  rugged- 

ness  should b~ more  moderate. 



Influence of Testing Objective 

A comparison of Eqs ( 2 3 )  and (25) reveals that for similar  

cost factors and N > I, the optimal level for a qualification tes t  i s  a l -  

ways higher than for a qual~acceptance or acceptance test .  Of course, 

for a given i tem of hardware, the cost ratios would not necessarily be 

the same for all  three testing objectives. Nevertheless, it i s  unlikely 

that the variations in K would be sufficient to  al ter  the basic conclusion 
C 

that qualification demands higher tes t  levels. This concluaion is con- 

sistent with both current  practice and intuition. Simple judgement 

strongly supports the idea that the most severe  tes t  should be the one 

intended to verify the integrity of the basic hardware design. 

The implications of the results to qual-acceptance verus 

acceptarice tes t  levels a r e  less  obvious. The same tes t  level selection 

rule, a s  given by Eq. (23), applies to both of these cases. However, 

the cost ratio t e r m  R maybe different for the two cases, and in practice, 
C 

usually is.  Specifically, the cost of a service failure for the two cases 

would be the : me for s i m i l ~ ~  hardware since only one item or' hardware 

i s  involved. On the other hand, the cost of a tes t  failure generally would 

be different for similar  hardware since an acceptance occurs much later  

in the produc-ion cycle than a qual-acceptance test; that is,  the accep- 

tance tes t  occurs after the hardware integrity has been supposedly verified 

and the design cycle has been closed. It follows that a failure in accep- 

tance testing (as defined in Section 4. 2 )  probably would lead to more 

involved corrective action in t e r m s  of both redesign and refurbishing t\an 

a failure in qual-acceptance testing. Referring to  Eq. (23), this means 

that C > C  , and thus, R > R , all other things equal. Hence, the a t  qc ac  qC 
cptimal tes t  levels for acceptance testing would generally be lower than 

the optimal tes t  levels for qual-acceptance testing. This conclusion is con- 

sistent with current  GSFC policy, as outlined in  Section 1. 0. 



6.  3. 3 Determination of Cost Ratios 

There a r e  two poesible approaches to the determination of 

appropriate values for the cost ratio R in Eqs (23)  and (25). The first  
C 

i s  to  employ quantitative cost figures (in dollars ) available from accounting 

data. The second i s  to  rely solely upon subjective judgment. 

The simplest quantitative approach is to use worst case figures 

for the cost of a tes t  o r  service failure. The worst case figure for a test  

failure would be the total cost of developing o r  purchasing the hardware 

i tem being tested (the worst possible failure would be one that required a 

completely new design). The worst case figure for a service failure would 

be the total cost of the experiment which that failure might abort. Some 

interesting data on the cost of spacecraft launches i s  available f rom [4] .  

The subjective approach involves an estimate for R based 
C 

upon qualitative considerations including perhaps a "gut" feeling for the 

relative importance of a tes t  and service failure. Note that such qualita- 

tive considerations have traditionally been involved in vibration testing 

thoughout the aerospace industrv. The procedure of granting a "waiveri' 

for a tes t  failure is nothing more than a qualitative decision that the cost 

of ordering redesign or  rework needed to  pass the tes t  is not worth the 

limited improvement that might be obtained in service reliability. Such 

"waiverstt a r e  based upon an engineer's evaluation of the relevance of the 

failure (was it duf to  overtesting) and the cost of correcting it, versus  the 

r isk and consequences of a service failure wY.~ch might result if the prob- 

l em is  not corrected. This same type of j~dgment  could be used to  a r r ive  

a t  estimates for R in Eqs (23) and (25). 
C 

6 .  4 C 'MPARISONS WITH CURRENT GSFC POLICY 

It is noted in Section 6. 3. 2 that the optimal tes t  levels sug- 

gested by  the results herein a r e  generally consiste3t with current  GSFC 

policy in t e rms  of testing ob jectivea. 



Specifically, the results indicate qualification tes t s  should involve the most 

severe levels while acceptance tes ts  should be the least severe and qual- 

acceptance tes ts  something in between. Although GSFC performs qual - 
I 

acceptance (proto-flight) tes ts  with the same tes t  levels a s  qualification 

(prototype) tests ,  the qual-acceptance rest duration i s  only half a s  long. 

Pence, the procedure is somewhat compatib!.~ with the results. 

The specific differences betweer~ qualification and acceptance 

tes t  levels called for in current  GSFC policy a r e  not necessarily consis- 

tent with the results  herein. GSFC specifies the qualification levels in 

t e r m s  of a fixed margin (50%) over the acceptance tes t  levels. The results  

cf Eqs (23) and (25) indicate the margin should be in t e r m s  of a difference 

in the percentile level of the environmental load distribution. Furthermore,  

the results herein indicate that there  might be differences in the optimal 

tes t  levels f o r  different types of hardware, a s  discussed in Section 6. 3. I. 

Current GSFC policy does not provide for such differences. 

To pursue the lat ter  point further, GSFC policy calls for ac- 

ceptance (flight) tes t  levels at the 97. 7 percentile of the anticipated service 

environmental loads, regardless of the component being tested. F r o m  Eq. 

(23), this corresponds to  a cost ratio of R = 0. 023, that is, an a s sess -  
C 

merit that a service failure due to  undertesting is about 43 t imes more  un- 

desirable than a tes t  failure due to overtesting. 'I'his rioes not appear to  

be an unreasonable assessment  on the average. llased upon the past expe- 

rience of this author, cost rat io assessments  in the range f rom R = 0. l 
C 

to  R = 0. 01 would probably cover most aerospace hardware in practice 
C 

(excluding manned spacecraft). These cost ratios correspond to  tes t  

levels in the range f r o m  the 91st to  the 99th perccntile. Current GSFC 

t es t  levels fall well within this range. 



CONCLUSIONS 

The principal conclusions of the studies a r e  as  follows: 

1. optimal test levels for qualification, qual-acceptance, and 

acceptance vibration tes t s  can be derived by minimizing the 

expected value of the undesirable consequences (cost) of an 

e r r o r  in the decision resulting from the test. 

2.  the resulting optinial t .st levels a r e  a function of the distr i-  

bution of the service environmental loads, the cost of an 

u.rlnecessary test  failure, and the cost of a potential service 

failure. For  qualification tests ,  the number of production 

items which might have been manufactured prior to the quali- 

fication test,  a s  well a s  the total number of production i tems 

to be mdnufactured, a lso influence the optimal tes t  level. 

3. the optimal test levels a r e  not an explicit function of the hard- 

ware strength. This i s  an important conclusion which might 

not be intuitively obvious at f i r s t  glance. However, by cen- 

sidering the alternative (what impact should a low or  high 

expected value for strength ha-re on the selection of a mini- 

mum cost of e r r o r  tes t  level), the lack of an explicit func- 

tional relationship appears reas  cnable. 

4. all  other things equal, the optimal level for qualiiication 

tes ts  i s  more severe than for acceptance tests. 



5. all other things equal, the optimal level for a test  

increases as: 

(a) the cost of redesigning thc hardware to pass 

the test decreases, 

(b) the cost of a scrvice failure of the hardware 

increases, 

(c) the number of production items to be mbnu- 

fsctured increr s es  (qualification testa only). 

6 .  the results a re  generally consietent with intuitior, and 

reas onab1.y consistent with cur rent GSE( policies. 

7. for the case of accep ta~ce  tests, the resu!ts indicate 

that an optimal test  level in most cases 1.vould be a test 

at the 91 s t  to 99th percentile of the anticipated sel-vice 

environmental loads. This compares favorably with the 

current GGFC polic,y of testing at the 97. ? percentile of 

the anticipated R arvice environmental loads. 
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A P P E N D I X  A - - 
P R O P E R T I E S  O F  T H T  LOGNORMAL DISTRIBUTION 

Let 2 = log x be a normaily dis t r ibcied random v.lriable 
2 

with a  mean value of 'k and a var iance  of U, ; that  i s  
X 

Then the random var iable  x = exp [ a i s  , a id  t o  have a lognormal  

distribution. 

A. 1 M E A N  V A L U E  OF L O G N O R M A L  V A R I A B L E S  

Given the  lognormal  var iable  x, the mean  value c i  .u is 

defined b y  

px = E [ x ]  = E [ exp ( x )  " 1  = ~ ~ X ~ [ C I ~ ( G ) ~ G  
-- aY 

Substituting E q .  (A-  1 ) into (A - 2 )  yiclds 



Now l e t  

It fol lows that 

Hence, 

VARIANCE OF LOGNORMAL VARIABLES 

Given the lognormal  variable x, the variance of x i s  

defined by 

Thus 



Now let 

Y =  and dy  = - 
c* 
X =si 

It follows that 

Hence, 

INVERSE RELATIONSHIPS 

Equations (A. 3 )  ax? (A. 5 )  may be solved for the mean and 

variance of Xh as a function of t h e  mean and variance of x as follows. 

From Eq. (A. 3 )  

From Eq. (A. 5) ,  



Hence, 

(A. 8a) 

2 
1 

'2 = log px - - log I + - 
2 ( ; 2 )  

2 
UA = log 1 + - 

X ( ;l) 
i 

(A. 8b) 

. 



APPENDIX D 

REDUCTION OF PROR,\BILITY STATEMENTS 

This Appendix outlines the reduction cf the joint probability 

statements, P SL-L, and P[STL, SCE], to  analytical expressions i 
assuming both lognormal and normal distributions of S and E. 

B. 1 SOLUTIONS ASSUMING LOGNORMAL DISTRIBUTIONS OF S 
AND E 

F i r s t  consider ihe probability statement, P [ S ~ L ,  s ~ E ] .  Let 

the following t r a n s f o r r n a t i ~ ~ ~ s  be defined. 

n 
q = S / L  i = log q = log S - log L = S-L ( E .  !a) 

A * 
= S / E  = log 5 = log S - log E = S-E (B. l b )  

K ~ t i n g  that S and E cannot take on negative values in practice, it follows 

that 

a s  illustrated in Figure B. I .  Now from 1 5 1  , 

A A "  4 , , A  A 

F r o m  Eq. (B. 1 ), S = q + L  and E = q +L - 6. Hence, the joint probability 

density function in Eq. (B. 3) is given by 



FIGURE &I. TRANSFORMATION OF VARIABLES - LOG NORMAL CASE 
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and the Jacobian reduces to  

A A 

giving I J ( s ,  E ) I =  1. Also, since S znd E a r e  independent, i t  follows that 
A n 

S and E a r e  independent. Thus, Eq. !B. 3)  becomes 

and Eq. (B. 2 )  reduces t o  

F o r  the case  of a lognormal distribution of S and E, the variables 
A A 

S and E a r e  normally distributed with mean values of p and Q , respective- -. 
1,  L 

ly, and variances of u4 and cr , respectively. Substituting the appropriate 
s P 

normal density functions into Eq. (B. 5 )  yields 

Now let 
n 

+ i - ~ - p ,  
u = - and du = i l  





Again a ~ ~ u m i n g  a lognorrrri~l c l i  st ri t ) u t ~ o n  f o r  S and F:, and using the sub- 

stitutions of Eq.  ( U .  7 ) ,  t h e  result in E:cl. (15.  9 )  reduces to  

where the erf function is as defined in Eq. (B. 13). 
(B. 10) 

B. 2 SOLUTIONS ASSUMING NORMAL DISTRIBUTIONS O F  S AND E 

Let the following transformations be defined 

X - - S-L 

v - - S -E 

(B. i l a )  

(B. l i b )  

If no restrictions are placed on the values of S and E (if negative values are 

permitted), it f ol!ows that 



(B. 12) 

a s  illuetrated in Figure B. 2. Similarly, 

[/".A# .Id4 dk (B. 13) 

0 -a 

Now, a comparison of Eqs (B. i i )  through (B. 13) with Eqs (B. I ) ,  (B. 2) and 

(B, 9) reveals that the formulations here a r e  identical to  those developed for  

the lognormal case where 

A 
S i s  analogous to S 

Hence, for the case where S a n d  E a r e  normally distributed with mean value8 
2 2 

of ps and p , and variances of a and o- , respectively, i t  follows that 
E S E 

(B. 14) 



A =  S - L  , V =  S - E  

P ( > . S O ,  b'>O) 

FIGURE 8.2. TRANSFORMATION OF VARIABLES - NORMAL CASE 

15 1 



(B. 15)  

where the erf function i s  a s  defined in Eq. (B. 8). Note that E q a  (B. 14) and 

IB. 15) a r e  arrived at assuming S and E can take on negattve values, which 

is not possible in practice. 

B. 3 SOLUTIONS AEcSUMING TRUNCATED NORMAL DISTRIBUTIONS 
OF S AND E 

Finally consider the physically realizable case wheze S and E a r e  

normally distributed, but restricted to  nonnegative values. F o r  simplicity 

as ov-me that 

which a r e  reasonable aesumptions if  t~ > ?G and 7 2% . Using the t rans-  
S S J 

formations of Eq. (B. I I ), i t  follows that 

as illurtrated in Figure B. 2. Using the relationship of Eq. (B. 3), the above 

probability reduce0 t o  



Now let 

X t L - V -  
pE dv 

u = -  and du = - 
u 0 

E E 

(B. 18) 

Eq. (B. 16 )  reduces to 

[ /($ , expr-ql- dk times - \m 1 
- i"+? I 

times exp [- i(y"[] & 



(B. 19) 

Note that for the special case where p s >>5 and p p , ,  erf( ps ) 

erf( pE/% ) dl ,'2, and Eq. (B. 18) reduces to 

which i s  the same result that was obtained for the -restricted ncrmal dis- 

tribution of S and E in Eq. (B. 14). It cap be shown b y  similar developments 

that the probability statement P O~SSE] is  given by 

which is tile same as the result obtained for the unrestricted normal 

caae in Eq. (B. 15). 



APPENDIX C 

SOLUTIONS FOR MINIMUM AVERAGE COST O F  ERROR 

This Appendix outlixies the solutions for the tes t  level which 

minimizes the average cost of e r r o r  formula developed in Section 3. 0 

and applied to various GSFC testing obJectives in Section 4. 0. F r o m  

Eq. (8 j, the expected value for the cost of e r r o r  in vibration testing i s  

given by 

where the two probability statements a r e  defined for both lognormal and 

normal distributions of S and E in Appendix B. The tes t  level which will 

minimize the average cost of e r r o r  in Eq. (C. 1 )  i s  given k y  that level L 
0 

which satisfies the expression 

C. 1 ASSUMING LOGNORMAL DISTRIBUTIONS O F  S AND E 

Assuming lognormal distributions of S and E, the f i rs t  t e r m  in 

Eq. (C. 2)  may be evaluated as follows. F r o m  Eq. (B. 8), 

(C. 3 )  



4 * 4 A 

where S, E, and L are the lorarithms of S, E, and L, respectively, 11 i s  

a s  defined in Eq. (B.  la ) ,  anci the erf function i s  a s  defined in Eq. (B.  8). 

Consider the first integral in Eq. (C.  3); namely, 

Integraiion by parts with 

leads to the result 



Substitution of this  express ion  into Eq. (C. 2 )  g i v e s  

S t a r  .in, ~ l t h  Eq. (B. l o ) ,  i t  can be shown by a similar development that  

the  second t e r m  i n  Eq. (C. 2 )  reduces  t o  

T h e  derivat ive of the  ave rage  cos t  of e r r o r  is now obtained by substi tuting 

E q s  (C. 4 )  and (C. 5 )  into Eq. (C. 2),  a s  follows. 

Hence, the  opt imal  t e s t  leve l  L i s  given by tha t  leve l  which sat isf ied t h e  
0 

relat ions hip 



C. 2 i"ISUMING NORMAL DISTRIBUTIONS OF S AND E 

Assuming unrestricted normal distributions of S and E, the f i r s t  

t e r m  in Eq. (C. 2 )  may be evaluated a s  follows. F r o m  Eq. (B. 14), 

where A i s  a s  defined in Eq. (B. I l a )  and the erf function i s  a s  defined in 

Eq. (B. 8). Now, a comparison of Eq. (C. 8)  with Eq. (C. 3) reveals that 

the formulations here  a r e  identical (excluding an L in the denominator) to  

those developed for the iogtiormal case where 

A 
S i s  analogous to  S 

Hence, it follows f rom Eq. (C. 4) that 

By a similar  development, it can be shown that 



1 .J (C. 10)  

Finally,  substituting E q s  (C. 9 )  and (C. 1 0 )  into Eq. (C.  2 )  and solving for  

the  opt imal  t e s t  level  L yields 
0 

(C. 11)  

C .  3 ASSUMING T R U N C A T E D  N O R M A L  DISTRIBUTIONS O F  S AND E 

Now cons ider  the physically rea l izable  c a s e  where  S and E a r e  

normal ly  dis t r ibuted,  hut r e s t r i c t ed  to no:lnegative values.  The  f i r s t  

t e r m  in Eq. (C. 2 )  m a y  be evaluated a s  follows. From Eq. (R.  19), 

where  A is a s  defined in Ecl. (13. I l a )  and the  e r f  function i s  a s  defined in  

Eq. (B. 8). Consider  t h e  f i r s t  i n t eg ra l  in Eq. (C. 12); namely 

Integration by parts with 



("rvE) dv = exp[--!('t~p5J]dA u = erf 

s 

leads to the result 

I - vdu = - exp - - 

Substitution of this expression into Eq. (C. 3)  gives 

P ~ o ~ s ~ L ,  L s > E ~ O ]  - 1 
- 

d~ p n  
I 

t erf (C. 13) 
9 1 

' 
I 

Starting with Eq. (B. 2 1 ), it can be shown by a similar development thxt 9 

\ .: 
the second t erm in Eq. (C. 2 )  reduces to -- 

~ a s s ~ ]  1 
i 
1 

- 
dL 

(C. 14) 
I 

7n 



Hence, substituting Eqs (C. 13)  and (C. 1 4 )  into Eq. (C. 2 )  and solving for  

the  opiimal t e s t  leve l  L yields 
0 

(C. 15)  

P 
Note that  for  the c a s e  where  pE > > u , 1 

e r f ( $ )  = r and Eq. (C. 1 5 )  reduces  
E 

t o  the s a m e  resul t  obtained for the  unres t r i c t ed  n o r m a l  dis t r ibut ions of S and 

E in  Eq. (C. 11). 

C. 4 ALTERNATE SOI,UTION 

T h e  solution fo r  a.n opt imal  t e s t  leve l  m a y  be obtained m o r e  d i rec t -  

ly  i f  t he  express ion  f o r  the  ave rage  cos t  of e r r o r  i n  Eq. (C. 1)  is wri t ten in  

a n  a l t e rna te  form.  T h i s  may be done by using the  following relat ionships.  

(C. 16) 

I_ 
P ~ > L ,  S ~ E ]  = P [ S ~ L ~  - P i S 2 L ,  L SSE] (C. 17)  

Substituting Eq. (C. 17)  into Eq. (C. 1 6 )  yields 

Now substituting Eq. (C. 18) into Eq. (C. I )  gives 

e 
r C = (P[S>E] - P[S>LJ ; Ct + P L S>L, SLE] (Ct+Cf) (C. 19)  

I 

Hence, the  optimal test level is given by tha t  level L which sa t i s f ie3  t h e  
0 

express ion  



F o r  the c a s e  of lognormal distributions of S and E 

Thus, 

(C. 21) 

The derivative of the joint probability statement in Eq. (C. 2 0) is given by 

Eq. (C. 5) .  S~ibstituting Eqs (C. 5 )  and (C. 2 1 ) into Eq (C. 20)  yields 

dC 
e 

I 
- -  
dL - +c,L exp I- + (2)'l iC t 

Solving for  the optimal leve l  L a g a i ~ i  gives  
0 

which a g r e e s  with the previous result  of Eq. (C. 7). 

(C. 2 2 )  



For the case of unrestricted normal distributions of S and E, 

Thus, 

(C. 23) 

The derivative of the joint probability sta,tement in Eq. (C. 20) i s  given by 

Eq. (C. 10).  Substituting Eqs (C. 10) and (C. 23) into Eq. (C. 20) yields 

Solving for th.e optimal level L agair. e i v ~ s  
0 

(C. 24) 

which agrees with the previous result of Eq. (C. 1 I). 
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APPENDIX D 

EVALUATION OF OPTIMAL TEST LEVEL BOUND 

In Section 6, an optimal level Cor qualification vibration t e s t s  

in t e r m s  of a. percentile of the environmental load distribution function 

is 5hown to  be 

where N i z  the number of i tems scheduled for service  use  and R is the 
qc 

ra t io  of the cost of a qualification tes t  !'zilure to  a service  failure. In 

[3 ] ,  a lower bound on this  cost was determined t o  be 

It will now be shown that Eq (D. 2 )  i s  indeed a lower bound on Eq. (D. 1 )  

fo r  al l  values of the positive integer N and al l  values of R in the appli- 
q c 

cable range 0 c R < I. - qc-  

F r o m  Eqs (D. 1 )  and (D. 2), 

where the subscript  on R is omitted for clarity. It follows that 

(D. 3 )  



[ :)N into r binomial aeries,  Eq. (D. 4)  reduces to  Now expanding 1 t - 

Letting h=j+ i  and k=j, Eq. (D. 5)  becomes 

N-1 N ! N ! 
I > i t  j- - 

*d 
J = O  ( j l )  ! ( I )  ! (N-j)  ! j  ! 

Noting that the term in the brackets reduces to 

( N - j - )  ! - N ! ( t i )  (N-I )  ! [ N - j - ~ ( j + i ) ]  

- .  - 
(N-j) ! ( j - t i )  ! (X-j)  ! ( ~ 4 - 1 )  ! 

(N-1) ! ( j )  (1 tN)  

- - - 
(N-j) ! ( j t l  ) ! 



Equation (D. 6 )  may be written a s  

R N + l  
N-1 - C ( N - 1 )  ! (J) 

1 > 1  - - (D.  7 
N j=o ( N - j )  ! ( j t l )  ! 

Since R ,  N ,  and j a r e  always positive quantit ies and N i s  always g r e a t e r  

than J ,  it is c l e a r  that  a l l  t e r m s  in the  s e r i e s  of Eq. (D. 7 )  wil l  be positive. 

Hence, the  inequality of Eq. (D. 7 )  and, correspondingly,  the  inequality of 

Eq. (D. 3 )  rxust always be t ~ u e  f o r  all values 9 f  N. 
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